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Elastic domain structure and the transition between polydomain and monodomain states
in thin epitaxial films
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We consider an interesting and practically important case of elastic domain structure, which is the analog of
the c/a domain pattern with 90° domains in ferroelectric~FE! perovskites and is solvable analytically for
arbitrary misfit strain. There is no critical thickness below which the domain structure cannot exist when the
‘‘extrinsic’’ misfit is zero and the domains are of equal width. At the boundary of the polydomain-monodomain
transition the pattern consists of narrow domains of a minority phase with growing separation between them,
which is characteristic of a continuous topological phase transition. The dynamic stiffness of the domain
structure diverges while the static stiffness vanishes at this transition. We discuss the implications of the present
results for FE films and ceramics.
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Equilibrium domain structures in epitaxial ferroelectr
~FE! films may appear even in the case of complete comp
sation of the depolarizing electric fields by the electrodes
finite conductivity of the film. This takes place if the film i
also a ferroelastic. The formation of a ferroelastic dom
structure was first considered a while ago as a mechanis
relax a lattice misfit with a substrate.1 In widely studied per-
ovskite ferroelectrics, which are improper ferroelastics, s
eral elastic domain~and heterophase! structures were
predicted.2–4 One of the typical structures, the so-calle
c/a/c/a . . . domain pattern, is of a special fundamental a
practical interest. First, the ratio of the widths of thec anda
domains changes with external conditions~film thickness
and misfit strain!. At some parameters the domain patte
does not exist; i.e., there is a phase transition between m
and monodomain states. Although the corresponding ph
diagrams have been discussed by several authors~see Refs. 3
and 4 and references therein!, the behavior close to the phas
transition was not studied. A numerical study5 has predicted
the response of thec/a domain structure to be large, eve
giant for some specific values of the~‘‘extrinsic;’’ see below!
misfit w and the film thicknessl, and some data were eve
interpreted in this way.6 The enhancement of the respon
was expected near the border of the existence of thec/a
structure in thew2 l plane, i.e., near the polydomain
monodomain phase transition. Previous analyses, mainly
merical, have not actually specified the system parame
needed to realize the giant susceptibility. We attempt, th
fore, an exact solution of a simplest relevant model, ana
gous to the actualc/a structures. The present results p
strict constraints on the system parameters where the sof
of the dielectric and/or piezoelectric response might be la
As a corollary, the existing data6 cannot be interpreted a
being due to a large contribution of the elastic domain wa
We reveal the character of the evolution of the domain str
ture and show that it is typical of a continuous topologic
phase transition. The results have important conseque
for various applications of FE thin films7 and ceramics~see
Ref. 8 and references therein!.
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We present here analytical calculations of the energy o
domain pattern analogous to the standardc/a structure. The
structure can be viewed, without loss of generality, as a re
of a ferroelastic transition in an epitaxial film, which brea
the symmetry of the parent phase and the substrate. All
strains are considered in the reference frame of the h
symmetry phase, and thez axis is selected to be perpendic
lar to the plane of the film. We consider a system far from
transition, where the pattern consists of domains havin
spontaneous strain,uxx

0 2uzz
0 , of opposite signs, separated b

domain walls inclined at 45° with respect to thez axis, as
dictated by the elastic compatibility conditions and the latt
symmetry, Fig. 1. In ferroelectric perovskites this would co
respond to the 90° domains with polarization parallel a
perpendicular to the plane. The film consists ofa- andc-type
domains with widthsa1 anda2, respectively. From the exac
expressions for the free energyF @see Eqs.~6! and~18!#, we
calculate the period 2a5a11a2 of the structure, the param
eter of asymmetryd5(a12a2)/2a, and the corresponding
stiffnessk. The stiffnessk is closely related to the ‘‘me-
chanical force constant’’ discussed in Ref. 5. We shall c
sidertwo stiffnesses: the usually measureddynamicstiffness
k` , calculated at a fixed period of the structure, and
static stiffnessk0, corresponding to the situation where th
period of domain structure is allowed to relax via creation
annihilation of the domain walls. The latter corresponds
very slow processes, making its observation very challe
ing. One certainly deals with the dynamic stiffnessk` in
applications. We shall show that the two stiffnesses exh
very different behavior near the transition: the static one
minishes, while the dynamic one diverges. We also study
change of the stiffness with the film thickness and discuss
possibilities of obtaining films with small dynamic stiffnes
We consider first the case where the sole origin of the m
is the spontaneous strainuxx

0 2uzz
0 , appearing at the phas

transition. We shall call this misfit ‘‘intrinsic,’’ to distinguish
it from an ‘‘extrinsic’’ misfit of any other origin. The latter
includes, e.g., the misfit of the parent phase with the s
strate, and other, ‘‘noncritical,’’ strain components, whi
©2002 The American Physical Society02-1
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A. M. BRATKOVSKY AND A. P. LEVANYUK PHYSICAL REVIEW B 65 094102
might appear during the phase transition. The effect of
trinsic strain is a focus of the present paper.

Similar to previous authors5 we neglect the uncompen
sated electric fields, which would onlyincreasethe stiffness.
Indeed, we consider an electroded film and find the stiffn
of the response in the absence of the external bias voltag
in Ref. 9. If initially the electric field is absent, i.e., if th
sample is in equilibrium, the domain wall shifts would res
in the appearance of an additional positive electric ene
term in the free energy,*dVE2/8p.0, whereE is the depo-
larizing electric field.10 Thus, the present consideration giv
an estimate for the stiffness from below. It is worth noti
also that the intrinsic piezoelectric response is included
effective elastic constants renormalized by the piezoelec
effect. Therefore, it does not matter for the present discus
if the system has an enhanced intrinsic piezoelectric
sponse, e.g., close to a morphotropic transition
Pb~Zr,Ti!O3 transducer~PZT! crystals.

The method of calculating the energy of the domain str
ture is the same as in Ref. 9 but with more complex eq
tions of state for the stress tensor componentss ik :

szz5~l12m!ezz1l~exx1eyy!, ~1!

sxz52mexz , ~2!

with the sxx andsyy components obtained from Eq.~1! by
cyclic permutation ofx,y,z. Herel,m are the Lame´ coeffi-
cients, andeik5uik2uik

0 is the elastic strain, withuik
0 the

components of the spontaneous strain. In contact with s
strate, the film with symmetry-breaking misfit with the su
strate must split into domains in such a way that the aver

FIG. 1. Schematic of the ferroelastic phase transformation
epitaxial film, when the ‘‘extrinsic’’ misfit between the parent pha
and the substrate is also present~top panel!. As a result, a domain
structure with period 2a5a11a2 is formed in the film of the thick-
nessl ~bottom panel!.
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in-plane strain will be zero, since the homogeneous strai
the substrate would cost an infinite energy.Without the ‘‘ex-
trinsic’’ strain the spontaneous strain would alternate fro
domain to domain~which all would have the same width! as
uxx

0 52uzz
0 [6u0 , uyy

0 50. On the other hand,with the ‘‘ex-
trinsic’’ misfit strain w the distribution of the spontaneou
strain in the domains would be

uxx
0 ~uzz

0 ![6~7 !u01w, uyy
0 5w. ~3!

We assume for the substrate the same equations of sta
Eqs.~1! and ~2!, but with uxx

0 5uyy
0 5uzz

0 50.
To find the energy of the domain structure, we have

determine the energy of the homogeneous and inhomo
neous ~stray! stresses. The energy of thehomogeneous
stresses (Fh), which appears for domains with nonequ
widths ~i.e., for dÞ0), can be easily found for an epitaxia
film with any domain structure, provided that the elas
moduli in all domains are thesameand the nonlinear effects
can be neglected. We can readily findFh from the general
expression for the elastic energy,9,11

Fel52
1

2E dVs ikuik
0 , ~4!

as

Fh

A 52
l

2
~ s̄xxūxx

0 1s̄yyūyy
0 1s̄zzūzz

0 !

5Ml @~ ūxx
0 !21~ ūyy

0 !212nūxx
0 ūyy

0 # ~5!

5Mu0
2l @~d2d0!21w2~12n2!/u0

2#, ~6!

whered052w(11n)/u0 is the relative extrinsic misfit,n
5l/2(l1m) Poisson’s ratio, andM52m(l1m)/(l12m)
[E/2(12n2), where E is Young’s modulus. The overba
here and below denotes averaging over the film~domain pat-
tern!. The conditions̄zz50 was used together with Eq.~1! to
obtain for the net planar stressess̄xx52M (ēxx1nēyy) and
s̄yy5s̄xx(x↔y), where ēxx[ūxx2ūxx

0 52ūxx
0 52u0d2w

and ēyy52ūyy
0 52w, Eq. ~3!. We have also used the ab

sence of in-plane strains,ūxx5ūyy50, imposed by the sub
strate, and an obvious relationūxx

0 5 1
2 (11d)(u01w)1 1

2 (1
2d)(2u01w)5u0d1w. Note that Eq.~5! is rather a gen-
eral expression for the homogeneous strain energy of
epitaxial domain structure and can be applied to other ki
of domain patterns in the epitaxial films~cf. Refs. 9 and 2!.

The stray energy of inhomogeneous stresses in a stri
like domain structure periodic inx direction, Fig. 1, is to be
found from exact solutions for the strain field produced
the domains. The pattern is defined by the distribution
spontaneous strainsuxx

0 (x) anduzz
0 (x). The condition of local

equilibrium, ]s ik /]xk50, gives two sets of two equation
for the displacement componentsux , uz in the film and the
substrate with the use of a standard relation 2uik5]ui /]xk
1]uk /]xi and stresses from Eqs.~1! and~2!. The boundary
conditions are given by the absence of stresses,szz5sxz
50, at the free surface of the film (z5 l ) and atz→2`.

n
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ELASTIC DOMAIN STRUCTURE AND THE TRANSITION . . . PHYSICAL REVIEW B65 094102
Both the strain tensor and the displacement vector are
tinuous at the film-substrate interface. The original system
partial differential equations is reduced to a system of o
nary differential equations with the use of the Fourier ser
transform of the functionsux(x,z) anduz(x,z):

ux(z)5(
k

ux(z)~k,z!exp~ ikx!, ~7!

where k52pn/T, the period of the domain structureT
[2a5a11a2 , n50,61, . . . ~cf. Refs. 12 and 9!. We ob-
tain the following equations for the Fourier components
the strain vector in the film (0,z, l ):

2~a12!k2ux1 i ~a11!k
duz

dz
1

d2ux

dz2

5~a12!
]uxx

0

]x
1a

]uzz
0

]x
, ~8!

~a12!
d2uz

dz2
1 i ~a11!k

dux

dz
2k2uz5~a12!

]uzz
0

]z
1a

]uxx
0

]z
,

~9!

wherea5l/m, and

]uxx
0

]x
52

]uzz
0

]x
5

]uxx
0

]z
52

]uzz
0

]z
5kRke

ikz, ~10!

Rk5
2u0

kT
~12e2 ika1!. ~11!

The general solution of this system is given by~cf. Ref. 12!

ux5C1ekz1C2e2kz1C3zekz1C4ze2kz2
Rk

k
eikz,

~12!

uz52 iC1ekz1 iC2e2kz2 iC3S z2
a13

a11

1

kDekz

1 iC4S z1
a13

a11

1

kDe2kz1
Rk

k
eikz. ~13!

In the substrate,z,0, the equations are the same as Eqs.~8!
and ~9! with zero right-hand side since the spontaneous
formations are absent in the substrate:

2~a12!k2ux1 i ~a11!k
duz

dz
1

d2ux

dz2
50, ~14!

~a12!
d2uz

dz2
1 i ~a11!k

dux

dz
2k2uz50. ~15!

The general solution of these equations, remaining finite
z,0, is

ux5~D11D2z!eukuz,
09410
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uz52 i FD11D2S z2
a13

a11

1

kD Geukuz. ~16!

The coefficients in the expressions for the displacementsux ,
uz are found from the boundary conditions. Note that t
above equations are similar to those appearing in the co
sponding problem of the loss of stability in the same syst
with the uxx2uzz order parameter at the phase transition12

After finding a solution for displacements, Eqs.~12! and
~13!, we obtain the following simple expression for the str
energy per areaA from Eq. ~4!:

Fstray

A 5
2Mu0

2a

p3 (
n51

`

@12~21!ncospnd#

3
12~112p2!e22p

n3
, ~17!

wherep5pnl/a.13 The series is calculated with the result

Fstray

A 5
2

p3
Mu0

2aF z~3!2Re Li3~2eipd!2Li3~e2b!

1Re Li3~2e2b1 ipd!1
b2

2
Re ln

12e2b

11e2b1 ipdG ,

~18!

where Lin(z)[(s51
` zs/sn5zF(z,n,1),14 b52p l /a. For d

50 this formula gives the total elastic energy of a symme
domain structure~a pattern of opposite domains of equ
widths!. We have found earlier a somewhat similar formu
for another symmetric domain structure ofa1ua2 type.9 Let
us consider the following general cases.

Zero extrinsic misfit(w50). In this case the energy of th
homogeneouselastic field is simplyFh /A5Mu0

2ld2. The
strayenergy has a simple form for the following two limitin
cases. In the standard case of narrow domains (a! l ) and
d!1,

Fstray

A 5
2

p3
Mu0

2aF7

4
z~3!2

p2ln 2

2
d21

p4

96
d4G . ~19!

One has to add the surface energy of the domain walls to
the equilibrium domain width

Fdw /A5A2g l /a, ~20!

whereg[Mu0
2D/A2 is the energy of the unit surface of th

domain walls andD is a characteristic microscopic length.16

The total free energyF5Fh1Fstray1Fdw is minimal for
symmetric domain structure (d50 anda15a25a), with the
standard~Kittel! domain width~cf. Ref. 9!

a5aK[S 2p3

7z~3!
lD D 1/2

;AlD! l . ~21!

Using this result, we see immediately that the high-freque
response of the domain pattern~at a fixed period 2a of the
domain structure! is
2-3
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k`5
]2

]d2 S F

AD52Mu0
2l S 12

ln 2

p

a

l
1

pa

8l
d2D.0, ~22!

so the pattern is stable, although it softens because of
negative contribution to the stray energy from the terms}d2

in Eq. ~19!. Note also thatk` increases withd, and this, as
we shall see, is a general result.

If the elastic modulusm were soft, the domains can be
comewide, a@ l (b!1). There

Fstray

A 5Mu0
2l F12d2S 12

p l

a D2
8l

pa
ln

e3/4a

4p l G , ~23!

and one finds a symmetric structure with the large dom
width ~cf. 9!

a54pe1/4l exp~pD/8l !, ~24!

which would be@ l if we had a substrate withD@dat ~cf.
the answer for a ferroelectric capacitor10!. This is contrary to
a previously considered Kittel case with narrow doma
aK! l . In the case of wide domains the response soft
considerably, but remains positive,

k`52pMu0
2l

l

a
.0. ~25!

It is unlikely, however, that the softness of the present
main structure is of any practical importance. The problem
that even a small extrinsic misfit in very thin films will pus
the domain structure to the boundary of its existence3,5

where it immediately getsrigid for experimentally accessibl
frequencies of external field, as discussed below.

Nonzero extrinsic misfit(wÞ0). The energy of homoge
neous stresses is given by Eq.~6!. To find the domain struc-
ture close to the boundary of its stability we need all ch
acteristics in the limitd→1, anda@ l (b!1), i.e., close to
a monodomain state. The stray energy in this limit is

Fstray

A 5
1

4p
Mu0

2a~12d2!2F ln
4el

a~12d2!
2

p l

a G . ~26!

Note that Roytburd and Yu2 and Roytburd15 have approxi-
mated the numerically computed stray energy with the fu
tional dependence (12d2)2, i.e., without the important loga
rithmic term in the square brackets. Minimizing the to
energyFtot5Fh1Fstray1Fdw with respect toa, we obtain
the equation

~12d2!2

4p
ln

4l

a~12d2!
5

lD

a2
, ~27!

which has a solution

a

l
5

1

~12d2!ln1/2~4l /pD!
A8pD

l
, ~28!

where we have omitted the terms} ln ln(4l/pD)!ln(4l/pD).
It shows that the domain period diverges as 1/(12d2) close
to the phase boundary with the monodomain state. The t
energy then takes the form
09410
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Ftot

Mu0
2lA 5~d2d0!21f~12d2!2

1

4
~12d2!2, ~29!

where from the equilibrium the value ofd is to be found
~subject to the constraintd2<1) with the parameterf
[(LD/2p l )1/2!1, and L5 ln(4l/pD) the logarithm of a
large number; l /D@1.

The transition into a monodomain state (d251) occurs as
a function of the extrinsic relative misfit atud0u512f. This
condition suggests a critical thickness of the film,l c , where
the polydomain-monodomain transition takes place a
given misfitd0 ~i.e., thephase boundaryin the d0-l plane!,

l c

D
5

1

p~12d0!2
ln

1

12d0
. ~30!

Thus, domain structure may exist only at thicknessel
. l c(d0). This formula is obtained forl c /D@1, but it also
correctly gives theabsence of the critical thicknessof the
film when the parameterd0 is zero (l c50 when d050).
SinceD is very small,16 the equation for the phase diagram
Eq. ~30!, is valid almost everywhere. The correspondi
phase diagram is shown schematically in Fig. 2.

The absence of a critical film thickness has been s
gested earlier for another domain patterna1ua2 from numeri-
cal computations.3 This is contrary to the speculations b
Roytburd, who obtainedl cÞ0 for d050, apparently as an
artifact of the employed approximations.15 The critical point
is approached linearly withd0:

d512~12f2d0!/f. ~31!

FIG. 2. Schematic of a phase diagram for the present mode
coordinates of the film thicknessl vs the extrinsic misfitd0. The
phase boundary is given by Eq.~30!, which is valid at almost all
thicknessesl. Note that for zero extrinsic misfitd050 the domain
structure forms at all thicknesses of the film. With the increase
the extrinsic misfit~horizontal arrow! the domains stretched alon
the substrate grow to very large sizes, whereas the opposite dom
remain narrow~as shown at the bottom of the figure!.
2-4
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ELASTIC DOMAIN STRUCTURE AND THE TRANSITION . . . PHYSICAL REVIEW B65 094102
We see that the slope isdd/dd051/f@1, so that the ap-
proach to the critical point is very steep; it looks almo
discontinuous.

We readily obtain the high-frequency~measurable! dy-
namical stiffness close to the phase boundary,

k`

Mu0
2l

5
1

12d2
A 8D

pLl
ln

2e2Ll

pD
.

1

12d2
A8LD

p l
→`,

~32!

which divergeswhend2→1, i.e., close to the phase boun
ary. This is in striking disagreement with the results of Pe
sevet al.5 who claimed a softness of thec/a domain struc-
ture close to the phase boundary. The static stiffness, w
has no practical significance since it requires a very lo
time to optimize the number of domain walls, is almost co
stant away from the transition and sharply vanishes with
creasing relative misfitd0,

k0

Mu0
2l

}12d2}2~12f2d0!/f→0; ~33!

see the exact result in Fig. 3. Interestingly, close to the tr
sition into the monodomain state the system splits into t
groups of wide (a1) and narrow (a2) domains with

a15
1

12d
A8p lD

L ;
aK

~12d!AL→`, ~34!

a25A2p lD

L ;
aK

AL,aK . ~35!

We see that the width of the wide domains diverges and
density of the domain walls decreases, but the width of
narrow domains,a2, remains small. The narrow domains a
somewhat compressed compared to the standard Kittel w
aK , Eq. ~21!.

It becomes obvious from the present analysis that i
unlikely that one can succeed in making a ‘‘soft’’ doma
pattern with smallk` in epitaxial thin ferroelectric films with
elastic domains. In fact, the only way to do this would be
avoid any extrinsic misfit, i.e., to keepd050, and to reduce
the film thickness. However, in this case the interval of
extrinsic misfit strain, which allows the very existence of t
domains, is very narrow. Moreover, the proximity to th
phase boundary in systems with two kinds of inequival
domains means that the stiffness rapidly increases even
a slight misfit, which might appear due to, e.g., a minu
deviation of the temperature from the value correspondin
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zero misfit. We have tacitly assumed above that the stiffn
of the domain structure determines its dielectric respon
Indeed, one can assume that there is a spontaneous pola
tion parallel to the film plane in one domain and perpendi
lar to it in another~as in a and c domains in perovskites!.
One can also assume, as in Ref. 5, thatd2deq
5 lPsEext /k` in an external field, wherePs is the spontane-
ous polarization,Eext the external electric field, anddeq is
the equilibrium value ofd in zero field. It will be small for
large stiffnessk` . We have shown earlier9 that this relation
in some cases strongly overestimates the dielectric respo
In addition, the neglected contribution of uncompensa
electric fields would only make the response stiffer. The c
clusion is that the dielectric response of the pattern with
equivalent elastic domains in the epitaxial thin films is ac
ally suppressed. The evolution of this domain structure
typical of a continuous topological phase transition. T
present results are likely to apply to bulk ceramic samp
since there the particles are also split into domains, and
response is likely to be affected by the motion of the dom
walls in a similar manner.8

We thank J.F. Scott for helpful discussions.

FIG. 3. The relative half-period of the structurea/aK , where
aK , Eq. ~21!, is the standard Kittel domain width and the asymm
try parameterd5(a12a2)/2a vs the relative extrinsic misfitd0 ~top
panel!. Close to the boundary of existence of the domain structu
wherea→`, the static stiffnessk0 vanishes, whereas the~measur-
able! dynamic stiffnessk` diverges~bottom panel!.
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