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We report on linear spin dynamics in the vortex state of Permalloy cylindrical dots subjected to an in-plane
bias magnetic field. We demonstrate experimentally by a broadband ferromagnetic resonance technique and by
simulations that breaking the cylindrical symmetry of the magnetic vortex gradually changes and suppresses
the azimuthal spin eigenmodes below the vortex nucleation field and leads further to the appearance of new
eigenmodes. The parallel microwave field pumping is shown to be a unique tool to observe spin excitation
modes localized near the strongly shifted vortex core for the bias field between the vortex nucleation and
annihilation fields. Meanwhile, the perpendicular field pumping, which excites the spin waves throughout the
entire dot, reveals a crossover between two dynamic vortex regimes near the nucleation field.
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In many physical systems such as liquids, plasma, super-
conductors, ferromagnets, etc., the topological excitations
�vortices� are frequently subjected to stratified conditions
breaking the axial symmetry.1,2 The special interest in con-
fined magnetic vortices3 is inspired by the possibility of
switching the vortex core direction4 in magnetic dots that has
been suggested as a potential new route to create nanoscale
magnetic memory units. A precise mapping of the high-
frequency spin excitation eigenmodes, especially the eigen-
modes breaking axial symmetry, is of great importance be-
cause these modes are expected to define the vortex
switching characteristic times and routes to reduce the criti-
cal currents for magnetoelectronic nanostructures operating
under magnetic field.

It is known that without a bias field multiple spin eigen-
modes can be excited in the magnetic vortex state by an
external perturbation and the dynamical response in the lin-
ear regime is described by their superposition. The lowest
frequency excitation corresponds to the gyrotropic mode,
when the vortex moves as a whole around an equilibrium
position,5–7 while the higher frequency modes correspond to
spin waves excited mainly outside of the vortex core.8–17 The
spin waves having radial or azimuthal symmetry with respect
to the dot center are described by integers �n ,m�, which in-
dicate the number of nodes of the dynamic magnetization
components �sin�m�−�t�, cos�m�−�t� along the radial �n�
and azimuthal �m� directions �� is the azimuthal angle in the
dot plane and � is the spin-wave frequency�. The spin-wave
eigenfrequencies �n,m are quantized due to strong pinning
boundary conditions on the dot lateral edges.3 With an in-
plane magnetic excitation field the azimuthal spin waves
having m= �1 and the gyrotropic mode are expected to be
excited13,16,17 because only these spin modes have nonzero

average in-plane magnetization and can interact with the uni-
form rf driving field. Previous investigations were mainly
focused on spin waves in the absence of bias magnetic
field,6–9,11,12,14,15 with the vortex localized in the dot center.
In particular, the zero-field splitting of the azimuthal spin-
wave mode frequencies was observed in Refs. 6 and 13.

Initial studies of the spin waves in the vortex state under
the influence of an in-plane bias field were conducted in
Refs. 16 and 17. Broadband vector network analyzer ferro-
magnetic resonance �VNA-FMR� results in applied magnetic
field were reported for circular dots with a big aspect ratio
�the dot thickness L to radius R ratio was L /R=0.15� in Ref.
16, where up to eight modes were observed in the vortex
state. Then Neudecker et al.17 investigated dots with a large
diameter �4 �m� and very small aspect ratio �L /R=0.01�.
Two excitation modes were observed up to vortex annihila-
tion field H�Ha by ferromagnetic resonance scanning Kerr
microscopy �FMR-SKEM� and it was found that the low-
frequency spin mode transforms to the Kittel’s mode increas-
ing the bias field. The FMR-SKEM optic technique allows
getting spatial images of the dynamic magnetization distri-
butions, but it is only applicable �i� to large in-plane size dots
�near the border of the single vortex-state stability� because
the light spot must be much smaller than the dot diameter
and �ii� only to few low-frequency spin-wave modes, which
have a relatively small number of nodes of the dynamical
magnetization. The spatial resolution of optic probes
��300 nm, Ref. 17� is not sufficient for a clear spatiotem-
poral observation of all the excited modes in dots with diam-
eter of about 1 �m and below. Applying the VNA-FMR
technique, Neudecker et al.17 observed just one spin-wave
mode due to the dense mode spectrum and insufficient fre-
quency resolution for such thin large-diameter dots �the in-
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termode separation is proportional to �L /R�1/2�. For instance,
they were unable to resolve the zero-field splitting of the
azimuthal modes, which being proportional to L /R is very
small �0.15 GHz� and is beyond their experimental resolution
of about 0.5 GHz. We also note that the authors of Refs. 16
and 17 never used parallel pumping scheme, which is the
most effective method to excite the spin modes in the vortex
state. The VNA-FMR results16,17 therefore are not sufficient
to understand the real field-dependent spin-wave spectra of
the biased vortex dots. The FMR-SKEM results obtained for
a very special case in Ref. 17 cannot be generalized to de-
scribe smaller dots due to the absence of scaling of the spin
eigenfrequencies when decreasing the in-plane dot sizes.
Other existing technique, namely, x-ray imaging based on the
magnetic circular dichroism effect,4 has a sufficient spatial
resolution, but is not fast enough to resolve the spin-wave
modes with frequencies about 5–10 GHz and is currently
employed only to detect the low-frequency gyrotropic vortex
modes �100 MHz frequency range�.

Summarizing the introduction part, despite of a huge cur-
rent interest in the manipulation of the gyrotropic mode in
the centered �unshifted� vortex ground state, there is little
understanding concerning the spin waves excited in a
strongly shifted nonuniform magnetic vortex state. This un-
explored regime, however, is not only of fundamental inter-
est, but is also of great importance for potential applications
in magnetic recording and spintronics. For instance, a precise
knowledge of the spin-wave modes in the biased vortex state
is crucial for the spin-polarized current-induced switching of
the free layer in nanopillar devices. Our article describes the
spin dynamics in the strongly nonuniform �vortex� asymmet-
ric state of magnetic dots with a moderate aspect ratio L /R
�0.05–0.1, which could be generalized to smaller and larger
dots.

We report on precise broadband measurements and simu-
lations of the vortex dynamics in circular Permalloy �Py�
dots excited by applying an in-plane driving field with dif-
ferent angles between the bias and excitation fields. We
present the measured variation of spin-wave frequencies vs
bias field in a wide field region covering the vortex and
saturated states. We show that independently of the rf pump-
ing orientation the azimuthal modes survive only below the
vortex nucleation field. With parallel rf pumping we identify
an unexpected spin-wave eigenmode in the weakly shifted
vortex state and a spin-wave mode localized near the
strongly shifted vortex core, which was recently discussed in
Ref. 18. These modes can be only excited by parallel pump-
ing and exist only in the magnetic vortex state shifted from
the dot center. With perpendicular pumping, which excites
modes in the entire Py dot, we clearly observed a crossover
in the spin-wave dynamics of the shifted vortex near the
vortex nucleation field.

We report below on three observations:
�1� We show that contrary to the previously reported

results,16,17 the spin-wave modes with azimuthal symmetry
�having nonzero azimuthal indices m� do not survive up to
the vortex annihilation field. They transform to other kinds of
spin-wave modes when the bias magnetic field shifts the vor-
tex core from the dot center.

�2� We identify a specific spin-wave mode localized near

the shifted vortex core �mode 3 in Fig. 1� in relatively high
magnetic fields.

�3� We present an observation of fundamental differences
in the field dependences of the spin-wave spectra excited
with perpendicular and parallel pumping.

These extensive dynamic measurements and simulations
allow us to present the spin-wave response of the shifted
magnetic vortex state in three-dimensional �3D� plots, pro-
viding a clear frame for unambiguous identification of the
spin-wave excitation spectrum. The main finding of our
work, however, is not just the observation of the differences
between spin-wave modes excited with the parallel and per-
pendicular pumping schemes, but also that these modes
transform in a fundamentally different way when the mag-
netic vortex is displaced by the in-plane bias field.

Two sets of square arrays of Py circular dots were fabri-
cated by combination of lithography and lift-off techniques
on a standard Si�100� substrate as explained elsewhere.13,19,20

The first set includes three samples with thickness L
=50 nm, diameter D=1000 nm, and lattice parameters of
the dots �center-to-center distance, cc� of 1200, 1500, and
2500 nm. The second set included two arrays of Py dots with
thickness L=25 nm and diameters of D=1035 nm �cc
=2000 nm� and of 572 nm �cc=1000 nm�. The excited spin
waves have been studied at room temperature with a broad-
band spectrometer based on a vector network analyzer
�VNA�.21 The setup allows to apply a rf field either in per-
pendicular configuration �hrf��, where Hbias�x and hrf�x as
shown in Fig. 1�a�, or with a parallel pumping scheme �hrf��,
when Hbias�x and the coplanar wave guide �CPW� is rotated
perpendicularly with respect to the in-plane static bias field,
providing hrf�x. Data were analyzed on the basis of the
transmission model developed under the assumption that the
dominant CPW mode is the TEM mode and also neglecting
the effect of reflection.14 The estimated magnitude of the
in-plane rf field is below 0.2 Oe.

Besides the experimental VNA-FMR studies, extensive
micromagnetic simulations22 were carried out for a circular
Py dot having a thickness of 25 nm and a diameter of 1035
nm. The physical parameters of the individual cells of 5
	5	25 nm3 used were the exchange stiffness constant A
=1.4	10−11 �J /m�, the saturation magnetization Ms=830
	103 A /m, the gyromagnetic ratio 
 /2�=2.96 MHz /Oe
taken from the measurements,19 and the Gilbert damping
constant of �=0.01.

We first identify the vortex nucleation �Hn� and annihila-
tion �Ha� fields for the dots having the vortex remanent state.
These fields approximately describe a range of field stability
of the vortex ground state.8 Figure 1�b� shows the typical
dependence of the normalized magnetization �M� on the in-
plane magnetic field during the hysteresis cycle for the posi-
tive field branch with Hn and Ha fields marked by vertical
arrows. In order to compare the static and dynamic measure-
ments we normalized the bias field by Ha. To study experi-
mentally the vortex ground-state excitations we first satu-
rated M by the in-plane magnetic field �H� above the
annihilation field �H�3Ha�. Then, the magnetic field was
swept within the interval −3Ha�H�3Ha creating and anni-
hilating the vortex state. We present here the experiments
�Figs. 1�c� and 1�d�� and simulations �Figs. 2�a� and 2�b�� of
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spin dynamics in Py dots with thickness of 25 nm and diam-
eter of 1035 nm by using either parallel �hrf�� or perpendicu-
lar �hrf�� rf drive and observed with increasing bias field
from zero to above the annihilation field. Similar results have
been also obtained for other dot arrays with the aspect ratio
thickness/radius �L /R� varied between 0.05 and 0.1 revealing
extra higher frequency modes appearing in the measured
spectral window for smaller values of L /R. The dynamic
response remains qualitatively unaffected by the interdot
dipole-dipole interaction with more than a twofold change in
the interdot distance ensuring that we are observing single
dot eigenmodes.

Let us first discuss the experimental results �Figs. 1�c� and
1�d��. Applying the uniform rf field hrf we excite only the
spin eigenmodes localized in the areas where the torque h
	M0�0 �M0 is the static dot magnetization�. In the small
field regime H�Hn �further stable vortex, SV� two doublets
of the spin eigenmodes are observed with the eigenfrequen-

cies being independent of the orientation of the rf field �see
Figs. 1�c� and 1�d��. These low-field doublets can be
described23 as azimuthal spin waves with the indices n=0,
m= �1 indicated in Fig. 1 as �1� and with the indices n=1,
m=1; n=0, m=0. The latter modes have much lower inten-
sity and will not be discussed further. The observed zero-
field splitting of the spin eigenfrequencies of the doublets
n=0, m= �1 is about 1 GHz in accordance with a recently
developed model23 of the dynamical vortex core–azimuthal
spin-wave interaction.

We note that previous works16,17 described data in terms
of azimuthal spin-wave modes with the indices �n ,m� as un-
changed between the cylindrical �zero field� and fully broken
�near the vortex annihilation field� symmetries of the magne-
tization ground state. However, this assumption obviously
has no sense from the symmetrical point of view and inter-
pretation of these modes and the mode indices should be
corrected because the azimuthal modes cannot survive up to

FIG. 1. �Color online� �a� Sketch of the experimental setup and the coordinate system used. Insert shows a typical SEM image of an array
of Py dots. The bias magnetic field is directed along the x or y axes. �b� Magnetization vs magnetic field normalized by the vortex
annihilation field �Ha=360 Oe�. Vertical dashed lines indicate the vortex nucleation and annihilations fields, while the error bar evaluates the
uncertainty in vortex annihilation field. Red lines indicate the change in the slope of the M�H� dependence near Hn. ��c� and �d�� Intensity
plots of the measured spin-wave spectra for the Py dot arrays with thickness 25 nm and 1035 nm diameter for the driving rf field �c� parallel
and �d� perpendicular to the increasing bias magnetic field. Numbers 1, 2, 3, 3�, and 4 label the spin-wave eigenmodes discussed in the text.
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the vortex annihilation field. The spin-wave eigenmode’s
�n ,m� classification is strictly applicable to the zero-field
case. Neudecker et al.16,17 assumed that the modes keep their
indices having sense only for cylindrical symmetry �H=0�
for the entire field region, up to the annihilation field, Ha.
However, our experiments show that they can be approxi-
mately used only up to H�Hn. At small H one can excite the
spin eigenmodes with indices m=0, �2, whose intensities
are proportional to H2. The first mode is not observed in our
simulations �see below�, whereas the m= �2 �n=0� modes
are responsible for the formation of the spin-wave branch �2�
observed with parallel pumping. The fundamental impor-
tance of the parallel pumping18 is that it excites only the
modes localized close to the strongly shifted vortex core. We
note that the spin-wave mode localization discussed here is a
result of the nonuniform ground state, whereas the mode
localization at the dot edges discussed in Ref. 24 is due to a
nonuniform internal field for quasiuniformly magnetized
dots. When the vortex core is sufficiently shifted from the
center of the disk �further metastable vortex, MV�, there is an
essential area of the dot, where the static magnetization M0
is parallel to the bias field H. Therefore, the parallel pumping
excites only modes near the vortex core. This is contrary to
the usually employed perpendicular pumping scheme, which
provides a much broader spin-wave spectrum because the
microwave field is strongly coupled to different spin eigen-
modes throughout the sample. This explains the importance
of the parallel pumping to provide information on the spin-
wave modes localized near the vortex core �mode n.3�. We
observed that the “soft” mode �3� exists also only with par-
allel pumping when the vortex core is close to the dot edge at
Hn�H�Ha.

Increasing the bias field with the perpendicular pumping
also suppresses the azimuthal modes �m�=1 at H�Hn. The
perpendicular pumping scheme in the strongly shifted vortex
state provides a much broader �than parallel pumping� spin-

wave spectrum because the microwave driving field is
strongly coupled to different modes throughout the sample.
Increasing H with hrf� reveals a crossover between three
main field regions in the excitation spectra: from SV state
�H�Hn�, where the eigenmodes classification is still appli-
cable, to the strongly shifted �MV state� with a much broader
spin-wave spectrum and, finally, to the quasi-uniform or
saturated state �US�. There are two energy minima in the MV
field region, corresponding to shifted vortex and quasi-
uniform magnetization states.25 It is important to underline
that the parallel or perpendicular pumping field can excite
fundamentally different spin modes in the MV state �Hn
�H�Ha�. Indeed, the frequency of the localized near vortex
core mode �3� observed for the MV with the hrf� configura-
tion �see Fig. 1�b�� decreases with increasing magnetic field.
In contrast, using hrf� in the MV state excites a dominant
paraboliclike mode marked as �3��, accompanied by multiple
satellites �Fig. 1�d��, which transforms abruptly near the an-
nihilation field Ha into the almost uniform precession mode
�4� existing at H�Ha in the US. Only edge modes are ex-
cited with the parallel pumping in the US. �Fig. 1�b��. Figure
1 shows more clearly other fundamental differences of the
detected spectra for parallel �part c� and perpendicular �part
d� rf excitations. While for the parallel excitation both the
azimuthal modes merge close to the vortex nucleation field
with a new mode �2� excited at the transition between the
stable and metastable vortex states, the field dependence of
the modes excited with perpendicular pumping is very dif-
ferent. One clearly sees a vertical zone �marked by the ver-
tical dashed arrow� presented in the dynamic response close
to the vortex nucleation field, with no modes excited. Mea-
surements conducted in this specific field range between the
stable and metastable vortex states clearly show that the
spin-wave modes excited with perpendicular pumping in the
MV state �such as the mode 3�� do not represent a continu-
ous transformation of those modes excited in the symmetri-

FIG. 2. �Color online� Intensity plots of the simulated spectra for the Py dot arrays with thickness 25 nm and 1035 nm diameter for rf
field �a� parallel and �b� perpendicular to the increasing bias magnetic field. Numbers 1, 2, 3, 3�, and 4 label the spin-wave modes discussed
in the text.
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cal �almost symmetrical� vortex ground state �H�Hn�. We
note that in Ref. 17 only one mode was found by VNA-FMR
with perpendicular pumping and the indices �n=0, m=1, our
notations� were assigned to it for the entire field region from
zero to the field well above Ha, whereas we clearly estab-
lished that there are at least four intensive azimuthal modes
with the indices n=0, m= +1 /−1, and n=1, m= +1 /−1 hav-
ing a significant frequency splitting. All the modes exist only
below Hn.

An analysis of the linewidth of the spin-wave modes pre-
sented in Fig. 1 reveals that the lowest �n=0;m= �1� azi-
muthal modes observed in small magnetic fields are charac-
terized by a relatively narrow linewidth of about
250�50 MHz being almost field independent in the SV
state. The observed linewidth for both the pumping schemes
is close to the one measured in the uniform state near the
border between the MV and US states. The spin-wave modes
�2�, �3�, and �3�� detected in the MV state are characterized,
however, by much a broader linewidth of about
800�300 MHz, with the error bar attributed to weaker sig-
nals. The mode �2� linewidth reveals a maximum at Hn �par-
allel pumping�, whereas the mode �3�� linewidth reaches its
maximum values just below Han. We note that qualitatively
different results were reported in Ref. 17 for perpendicular
pumping, where the sharp maximum in the VNA-FMR line-
width of the single observed mode �interpreted as the first
azimuthal mode with n=0, m=1� as a function of magnetic
field was observed between Hn and Han in the vortex state
and was attributed to possible variations in the dots dimen-
sions and to the integrative nature of the VNA-FMR tech-
nique.

To understand in detail the excited spin eigenmodes in the
frequency domain at a given bias field, we conducted the
micromagnetic simulations by applying the field to the
vortex-state dot along the x direction in the range from 0 to
1000 Oe with steps of 20 Oe. Our numerical results provide
an annihilation field of 500 Oe. The difference with the ex-
perimentally measured value could be due to the weak dipo-
lar coupling between the dots and to the fact that the simu-
lations are done at T=0 K. Both the hrf� and hrf� pumping
schemes were explored by applying a sine field of variable
frequency and with an amplitude of 1 Oe. Figure 2 shows the
simulated Fourier power spectra in a wide frequency range
as a function of the bias field normalized by Ha for parallel
�part a� and perpendicular �part b� pumping schemes, which
are in rather good agreement with experiments �Figs. 1�c�
and 1�d��. Figure 3 shows simulated spatial distributions of
the dynamic magnetization in the parallel �Mx /Ms� and the
perpendicular �My /Ms� pumping schemes for the most in-
tensive excited modes �marked as 1–4 in Figs. 1 and 2� at
some specific frequencies and normalized fields. The lowest
�n=0,m= +1� azimuthal mode �1� is observed in zero-bias
field. The application of a weak field �e.g., H /Ha=0.077�
smoothly breaks the vortex-state cylindrical symmetry but
maintains the character of the mode �1�. As pointed above,
the mode �2� splitting out from the lowest azimuthal mode
has a qualitatively character described approximately as a
superposition of the azimuthal spin-wave modes m= �2 ro-
tating around the vortex core in the opposite directions
�clockwise, CW and counterclockwise, CCW�. Given the

vortex core shift in the positive y direction, the modes start
from the positive y semi-axis, propagate, meet each other,
and disappear at the negative y semi-axis. When the bias
field is further increased �4.86 GHz, H /Ha=0.423�, the mode
�2� also shows a similar motion but with more nodes in the
disturbed azimuthal direction �Fig. 3�. We can distinguish
two different regions in the dynamical M images. In the first
one, close to the vortex core, there is a superposition of the
CCW and CW motions. In the second region �far from the
vortex core, the lower part of the dot� standinglike spin-wave
modes dominate �Fig. 3, mode 2, f =� /2�=4.86 GHz�. The
increase of the bias field expands the second region. On the
other hand, there is a clear standing whiskerlike dominating
pattern for the lower frequency mode �mode �3�, 4.18 GHz,
MV�. These modes are localized near the deformed vortex
core �where the static magnetization component My has a
significant value� and the reduced area occupied by the
modes gradually decreases with increasing of the bias field
�compare the images for H /Ha=0.423 and 0.923 in Fig. 3�.
This spin mode �3� can be approximately described for low
fields �just around Hn� as having a wave vector along the bias
field H �analogy to the backward volume magnetostatic spin
waves in continuous films� because the nodal planes are per-
pendicular to the x direction.

When we applied the perpendicular drive, the response in
the low-field region �SV� is the same as in the parallel case.
In the MV region the high-frequency mode �3�� is more in-
tensively excited compared to the parallel pumping case
�mode �3��. Mode �3�� is localized mainly outside the vortex
core in the domain magnetized parallel to the bias field. In
general, mode �3�� dynamic M images are similar to those
observed for mode �3� for weaker fields in the MV state
�5.84 GHz, 0.423�, but become more complicated close to
the boundary with the US increasing the bias field �6.88
GHz, 0.923�. We note that the transition to the US regime
suppresses abruptly the �3� mode, but the quasi-uniform
Kittel-type mode �4� is a continuation of the �3�� mode, not
of the �n=0,m=1� azimuthal mode as stated in Ref. 17. For
complete sequences of the data shown in Fig. 3, see movies
in Ref. 26. We attribute the small ��10%� disagreement be-
tween the experimental and simulated spin eigenmodes to �i�
an influence of the interdot dipolar interaction �ii� the pres-
ence of a small out-of-plane rf component �Fig. 1�, and �iii�
to the thin �about 2 nm� Py oxide layer27 which influences
the dot thickness and, therefore, the spin eigenfrequencies.8

In conclusion, the spin-wave eigenmodes �n ,m� classifi-
cation based on the number of nodes in radial and azimuthal
directions could be applicable to the vortex shifted by mag-
netic field only below the vortex nucleation field. Microwave
excitation in different directions with respect to the bias field
reveals a unique information on spin-wave dynamics in the
strongly shifted vortex state, particularly on the modes local-
ized near the vortex core. Our results are important for un-
derstanding the dynamics in different vortex systems in con-
fined biased conditions, e.g., in arrays of vortex nano-
oscillators excited by a spin-polarized current.28 The
perpendicular and parallel excitation schemes do not just re-
flect the coupling of rf field to the different modes, but what
is more critical, the excited spin-wave mode frequencies vary
in qualitatively different way as the vortex is shifted from the
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dot center to the dot edge for the parallel and perpendicular
excitations. The insights into the spin-wave dynamics in the
magnetic vortex state presented above can be summarized as
follows. We supply an experimental proof that the main azi-
muthal modes �with the indices m= �1, no radial nodes�
exist only in low fields, below the vortex nucleation field Hn.
We also present an observation of a spin mode of the shifted
vortex observed by using parallel pumping �the mode 2�.
This mode splits out from the lowest azimuthal mode �with
m= +1� and has a character described approximately as a
superposition of the azimuthal modes with the indices m
= �2 rotating around the vortex core in the opposite direc-
tions. Furthermore, the high-field soft mode �3� localized
near the vortex core for parallel pumping was observed. This
mode �3� can be approximately described as having a wave
vector along the bias field and is stable up to Ha. Finally, we
present an observation of the fundamental differences in the
field dependence of spin-wave modes excited with perpen-
dicular �abrupt change between the SV and MV regions,

broad spin-wave response in the MV state� and parallel �the
spin-wave spectrum more continuously transforms, a single
localized mode in the MV state� pumpings.
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FIG. 3. �Color online� Simulated �in the form of time sequences with a step of about 1
4 oscillation period� spatial distributions of the

vortex dynamic magnetization in the SV and MV field regions. Numbers 1, 2, and 3 denote the spin-wave eigenfrequency branches for
parallel pumping �the magnetization component Mx /Ms� and 3� for perpendicular pumping �the component My /Ms� in Figs. 1 and 2. The
first number in brackets �f ,H /Ha� shows the eigenmode frequency, whereas the second number shows the normalized magnetic bias field.
The images are selected for the frequency/field points where splitting of the eigenfrequencies occurs at each frequency branch.
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